An analysis is carried out mainly of the ground state binding energies of the Λ-particle in hypernuclei with values of the core mass number between 15 and 207 (included) using, as far as possible, recent experimental data.Τhe renormalized (non-relativistic) quantum mechanical hypervirial theorem (RHVT) technique is employed in the form of s-power series expansions and a Gauss single particle potential for the motion of a Λ-particle in hypernuclei is used. Not exact analytic solution is known for the Schrödinger eigenvalue problem in this case. Thus, the approximate analytic expressions (AAE) for the energy eigenvalues which are obtained with the RHVT approach and are quite useful as long as the involved dimensionless parameter s is sufficiently small, are compared only with the numerical solution.
1.Introduction
The Quantum mechanical hypervirial theorem (HVT) approach has been a very useful technique in dealing with various problems in Physics, Chemistry etc in which Quantum Mechanics provides the basic theoretical background. For pertinent reviews see refs [1, 2] . This approach started originally with the work of Hirchfelder [3] and further elaborations and various applications followed (see e.g. ref. [4] [5] [6] [7] [8] ).We mention in particular the use of this technique for the approximate treatment of problems such as the non relativistic motion of a particle in a potential V.
In more recent work [9] [10] [11] an investigation was carried out of the HVT approach in the form of approximate analytic expressions (AAE), originated from truncated expansions, when a small (compared to unity) dimensionless quantity s exists. Use was also made [12] [13] of a renormalized HVT expansion (RHVT) for the energy eigenvalues of a particle moving in a single particle potential belonging to a fairly wide class of central potential wells, namely those of the form:
where is the potential depth, its "radius" and 0 > D 0 > R f ( ) ( ) 1 0 = f the potential form-factor which determines its shape and is assumed to be an appropriate analytic function of even powers of
, that is they behave like an harmonic oscillator near the origin.
Typical examples are the Gaussian and the (reduced) Poeschl-Teller (PT) potentials:
(2) In our first results we considered as an application to a physical problem the use of the derived AAE to estimate the binding energies of a Λ-particle in hypernuclei by assuming the PT single particle potential. The advantage in doing this, is that in certain cases (for the l=0, that is the s-states) there exist exact analytic expressions for this particle moving in this potential and a direct comparison of our AAE with them can be made to assess the accuracy of the latter. It should be clear, however, that the usefulness of the AAE refers mainly to the cases of the class of potentials (1) in which exact analytic results of the corresponding Schrödinger eigenvalues can not be found. It is the aim of the present work to use these AAE, mainly for the ground state a Λ-particle moving in hypernuclei pertaining to the well-known potential (2a), taken as a first approximation of the mean -field felt by the Λ in hypernuclei.
In the following section a summary of the formalism is outlined. For more details one is referred to refs [12, 13] . In section 3 the detailed preliminary numerical results are displayed for the Λ energies in a number of hypernuclei mainly for the ground state along with the corresponding experimental results used. The final section is devoted to final remarks and a comment.
Outline of the formalism
We consider first the more general class of even -power series central potentials:
This potential takes the following form, by adding and subtracting the same harmonic oscillator potential Kr 2 (in a way analogous to that of ref [14, 15] for the perturbed one dimensional oscillator):
where:
, for
One introduces then the shifted energy eigenvalues
and considers the corresponding radial Schrödinger equation and the corresponding equation for the relevant zeroth-order energy eigenvalues and eigenfunctions, (denoted by superscript (0)), and writes the expansions
On the basis of these expansions and the use of Hellmann-Feynmann theorem we end up after a rather lengthy algebra with the following recurrence relations which can be used to obtain the interested quantities:
We focus now our attention .to the class of potentials (1) mentioned in the introduction. In this case we use the expression of the small (compared to unity) dimensionless quantity s :
We can write after a lengthy algebra the expression of the energy eigenvalues in the RHVT approach as a truncated expression: 3  1   2  2  3  1   2  2  2  3  1  2  5  1   2  1  3   3  4  1  3  4   67  25  17 
( 1 6 ) and it is seen that this parameter enters formula (11) only as a factor of the state dependent number . 
It is seen that when that is when formula (11) becomes identical to the one in the HVT case [9] [10] [11] . Thus, depending on the value of formula (11) incorporates both the HVT and the RHVT results.
3.Results with the Gaussian single particle potential
In the case of the Gaussian potential, the numbers d k given by expression (17) in the previous section reduce to the following: d k =(-1) k /k! see refs. [16, 11] . The first of them are given in Table 1 . [17 -19] ) are easily followed from our general truncated expression (11) and are quite simple AAE . Our detailed numerical results are displayed in Table 2 , Table 3 and Table 4 . In these tables we use the ground state experimental energy data for the determination of the potential parameters both for the 1s and 1p states.
The same assumption was also made in refs [22, 23] . It should be also noted that, for the mass μ , the reduced mass of the Λ -core system was used.
We use, as far as possible, recent experimental data [20, 21] for the ground state energy of a Λ in a number of hypernuclei (displayed in Table 4 ), which are quite numerous, in order that we determine, by least squares fitting ,the potential parameters D and r 0 in the framework of the-rigid core model: R=r 0 A c 1/3 . If we use the "almost exact" (that is apart from the usual numerical inaccuracies) numerical results (see Table 2 ) obtained with a pertinent subroutine, we find the following best fit values 
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Regarding the RHVT results, these depend on the assumed value of the renormalization parameter χ . For purposes of a rough estimate we can follow the procedure discussed for the PT potential, taking into account that now the potential shape is different. In the case of Gauss potential an approximate value of χ G is therefore , which is a little larger than the PT one. The best-fit values of the potential parameters obtained using a least squares -fitting of the ground state energies of the lambda particle to the corresponding experimental results are the following: = D 38 981 MeV . = 0 r 0 79150 fm . = 00 F 4 53671 , and . We recall also the remarks made for the determination of the renormalization parameter χ in ref [13] , where the results were obtained with the PT potential.
In the first columns of Table 3 , the results are displayed, for purposes of comparison, with the first two leading terms in the HVT (χ=1) approximation for the ground and the first excited state of the lambda particle in the hypernuclei, as well as the results of . It is easily seen that in this case, the formulae used are identical with those in the PT potential and the results with the Gauss potential are exactly the same as it is also immediately realized.
where now ps Δ Regarding the RHVT case (displayed in the last columns of Table 3 ), we use the expression given in ref. [13] :
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This is equivalent to the HVT results in which the s 2 and s 3 terms are also included through the expressions of the renormalization parameters. The best-fit values of the potential parameters of the ground -state energy values (taken to be the same for the E 01 as previously) are:
. . It is seen that the AAE results of the RHVT case we are considering, are quite close to those obtained with the numerical subroutine for the determination of the energy eigenvalues of the ground state of the Λ in the hypernuclei. It is also seen that the behaviour of the Δ ps is as expected. Furthermore, the values of this quantity are a little larger than the "almost exact" numerical ones for A c < 55 and less than those for Ac >55. However, the absolute values of the corresponding differences are, in most cases, more pronounced than those obtained with the PT potential. We mention, finally, that the differences between the values of the RHVT ground state energies of the Λ and the corresponding ones obtained numerically are quite small as are with the PT potential, although with the Gauss potential these differences are more pronounced. The differences are bigger in the E 01 energies, as we can see from Tables 3 and 4 of this work (see also Table 4 and Table 5 of ref [13] and also the relevant comments there).
Final remarks and a comment
From the results with the Gauss potential displayed in the previous section it can be realized that the leastsquares fit values F 00 (both in the numerical and the RHVT cases) are a little smaller than the corresponding ones obtained with the PT potential (for which the numerical solution gives = 00 F 4 ,74393 and the RHVT gives ) and in this sense the Gauss potential might be preferable in comparison with the PT one.
It should be mentioned, however, that the RHVT results differ more from the "almost exact "numerical ones.
F 4,75062 =
We mention also that the AAE used come from an appropriate truncation of the power series expansions. Another possibility would be to consider an HVT energy expression which has its finite terms (s 3 included) to coincide with the existing HVT ones plus an analytic expression, consisting only of higher s terms (which emerge by means e.g. of the binomial formula) which differ, however, from those of the original HVT expansion .We are currently investigating this possibility to see whether improvements can be obtained.
